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Introduction 


Let  V  be  a  nonsingular  A-hermitian  space  of  dimension  n  over  a  field  K 
and  U(V)  the  unitary  group  on  V.  Under  the  assumption  that  K  is  a  finite  field 
of  characteristic  different  from  2  and  V  is  isotropic,  Ishibashi  showed  in  [12]  that 
U(V)  is  generated  by  three  elements.  Further,  in  fact,  he  proved  that  when  the 
unitary  group  U(V)  is  the  symplectic  group  Sp(V),  then  U(V)  is  generated  by 
just  two  elements. 

This  result  was  first  refined  by  the  works  of  Earnest,  Ishibashi,  and  others  in 
[2]  and  [7].  There  the  case  where  U(V )  is  the  orthogonal  group  0(V)  was  studied. 
The  restrictions  of  isotropy  and  characteristic  were  removed,  thus,  showing  that 
when  U(V)  =  0(V),U(V)  is  generated  by  two  elements. 

The  purpose  of  this  paper  is  to  again  refine  Ishibashi’s  original  result.  The 
paper’s  main  theorem  will  show  that  all  unitary  groups  over  finite  fields  of  odd 
characteristic  are  generated  by  only  two  elements.  The  bulk  of  the  work,  here,  is  in 
removing  the  restriction  of  isotropy  when  V  is  a  A-hermitian  space  which  is  not  a 
quadratic  space  and  in  showing  that  when  U ( V )  ^  0(V )  and  U (V)  ^  Sp(V),  U(V ) 
is  generated  by  two  elements.  The  proof  of  this  main  result  occurs  in  Chapter  4. 

Prior  to  that,  however,  Chapter  1  will  establish  some  key  ideas  about  the 
underlying  finite  field.  It  defines  the  concept  of  an  involution  on  a  field,  establishes 
the  surjectivity  of  the  norm  and  trace  maps,  and  defines  some  naturally  occurring 
subsets  of  the  field. 

Next,  Chapter  2  will  detail  what  a  A— hermitian  space  is  and  define  the 
special  cases  of  A— hermitian  spaces.  Chapter  2  also  discusses  classification  of 
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these  spaces  and  the  property  of  isotropy.  Chapter  2  is  where  one  sees  the  ability 
to  remove  the  restriction  of  isotropy  from  nonquadratic  A— hermitian  spaces. 

Finally,  Chapter  3  develops  the  idea  of  the  unitary  groups  over  A— hermitian 
spaces.  The  generating  maps  used  in  the  main  theorem  will  be  defined  along  with 
some  essential  identities  for  combining  them. 


Chapter  1 


The  Underlying  Field 

Throughout  this  chapter,  all  fields  under  consideration  will  be  assumed  to 
be  finite.  Moreover,  for  the  entirety  of  this  paper,  all  fields  will  be  assumed  to  have 
odd  characteristic.  The  theory  which  will  be  developed  herein  is  fundamentally 
different  for  finite  fields  of  characteristic  two  and  therefore  will  not  be  treated  at 
this  time. 

Consequently,  the  underlying  field  K  considered  here  has  order  q  =  pm  for 
some  odd  prime  p  and  natural  number  m.  The  multiplicative  group  K  =  FC\{0} 
is  well  known  to  be  a  cyclic  group.  Here  and  throughout  the  remainder  of  this 
paper,  a  will  denote  a  fixed  generator  of  this  group;  that  is,  K  =  (a). 

1.  Some  Important  Maps  of  the  Underlying  Finite  Field. 

Let  F  be  a  subfield  of  K.  Then  K  is  known  to  be  a  finite  Galois  extension 
of  F.  Let  AutpK  =  {<Ti, . . . ,  on}  be  the  Galois  group  of  K  over  F.  In  fact,  AutpK 
is  a  cyclic  group  generated  by  the  Frobenius  automorphism  o  defined  by  o(a)  =  a1 
for  a  €  K,  where  t  =  |F|. 

The  first  two  maps  to  be  defined  and  discussed  are  the  norm  and  trace 
maps  of  the  extension  K/F.  It  will  be  shown  that  these  maps  are  surjective  in  the 
present  context. 

1.1.1  Definition.  The  norm  map  of  K/F  is  defined  as  N[K/F](k)  = 
cri(k) 02(h) ...  crn(k)  for  k  E.  K . 
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1.1.2  Definition.  The  trace  map  of  K/F  is  defined  as  T[K/F](k )  =  cri(k)  + 

<J2{k)  4 - 1-  crn(k )  for  k  6  K. 

Most  of  the  time,  the  norm  and  trace  of  an  element  k  G  K  will  be  denoted 
N{k)  and  T(k )  since  the  fields  over  which  they  are  defined  will  be  obvious  to 
discern. 

1.1.3  Lemma.  The  norm  N[K\F]  is  surjective. 

Proof.  Now,  N[K /F)(o)  =  N(a)  =  aaea£2  ...a£(n  1}  =  a£n~1^£~1.  But  this  im¬ 
plies  that  ( N(a))£~ 1  =  c^"-1  =  1.  What  is  more  is  that  this  is  the  smallest 
such  power.  For  if  there  were  a  smaller  power  s  for  which  ( N(a))s  =  1,  then 
(a  j  =  a*"-1/*  where  £  —  1  =  st,  t  €  N  and  =  i.  This, 

of  course,  cannot  happen  since  K  is  generated  by  a  and  has  order  £n  —  1.  Hence, 
N  (a)  has  order  £  —  1. 

Note,  however,  that  N(K )  =  (N(a))  since  K  =  (a).  Thus,  |7V(.K’)|  =  £—  1. 
Also,  \F\  =  £—  1.  Hence,  |-/V(Ar)|  =  |F|.  Therefore,  N[K/F]  is  surjective.  □ 

1.1.4  Lemma.  The  trace  T[K/F]  is  surjective. 

Proof.  It  suffices  to  show  that  1  p  has  a  pre- image  in  K,  since  1  p  generates 
F  additively.  Now,  by  Dedekind’s  theorem  on  the  independence  of  characters, 
{<7i,  <t2,  . . . ,  crn}  is  linearly  dependent  over  K.  Thus,  there  exists  8  G  K  such  that 
o\ (8)  +  <72(<5)  +  •••  +  cn(8)  does  not  equal  zero.  But  this  is  T[K/F]{8)  =  T{8). 
Hence,  T  =  TfiJ-fft)  =  Therefore,  the  trace  is  surjective.  □ 

These  two  surjections  will  prove  to  be  invaluable  in  establishing  important 
facts  about  hermitian  spaces  and  their  unitary  groups  in  the  next  two  chapters. 

Finally,  the  concept  of  an  involution  of  the  finite  field  K  must  be  set  forth. 
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1.1.5  Definition.  An  involution  of  the  finite  field  if  is  an  antiautomorphism  * 
of  if  of  order  <  2. 

Thus,  (a  +  £>)*  =  a*  +  b\(ab)*  =  b*a*,l*  =  1  and  (a*)*  =  a  for  a, b  G  if. 
One  observes  immediately  that  the  concept  of  an  antiautomorphism  of  if  is  mute 
since  if  is  a  field  and  has  commutative  multiplication.  Hence,  ( ab )*  =  b*a*  =  a*b* . 
Also,  the  identity  map  over  if  is  trivially  an  involution.  However,  it  will  be 
involutions  which  are  different  from  the  identity  map  which  will  be  of  primary 
interest.  Further  if  it  is  assumed  that  the  involution  *  fixes  F  in  this  case,  then 
this  map  sending  a  to  a*  for  a  G  if  is  an  element  of  order  two  in  the  Galois  group 
AutpK.  Thus,  the  fixed  field  of  *  is  a  subfield  of  index  two  in  K.  This  idea  will 
be  revisited  later. 

2.  Special  Subsets  of  the  Underlying  Finite  Field. 

Let  K  be  an  arbitrary  finite  field  of  odd  characteristic.  Let  a  G  if  be  a 
fixed  generator  of  the  multiplicative  cyclic  group  if.  First,  consider  the  subset 
of  elements  in  K  consisting  of  the  squares  of  nonzero  elements  of  K.  This  set  is 
denoted  if2. 

1.2.1  Definition,  if2  =  {k  £  K  \  k  =  b2  for  some  b  £  if}. 

It  is  well  known  that  if2  has  exactly  ^|if  |  elements  [17].  With  this  in  mind, 
one  can  see  that  these  elements  are  precisely  the  even  powers  of  a. 

1.2.2  Lemma,  if2  =  {a2k  \  k  =  1,2, . . . ,  \\K  \  }. 

Proof.  Let  S  =  {a2k  \  k  =  1,2, . . . ,  \\K |}.  Clearly,  S  C  if2,  since  for  any  k,  a2k  = 
(oik)2.  One  also  notes  from  its  definition  that  IS}  =  \\K\.  Thus,  S  is  a  subset  of 
if2  which  contains  the  same  number  of  elements  as  if2.  Hence,  if2  =  S. .  □ 
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Likewise,  K\K2  is  comprised  of  the  odd  powers  of  the  generator  a. 

This  leads  to  the  consideration  of  two  sets  of  differences  which  appear  nat¬ 
urally  in  the  development  of  the  main  theorem  in  Chapter  4.  They  are  the  two 
sets  containing  the  differences  of  even  and  odd  powers  of  a  respectively. 

1.2.3  Definition. 

£K  =  {x  -  y  \  x  =  ar  and  y  =  as  ,r,s  even  integers } 

=  {x-y  |  x,y  e  K2}. 

1.2.4  Definition. 

Ok  =  {x  —  y  |  x  =  ar,  y  =  ot$,r,s  odd  integers } 

=  {x  -y  |  x,y  e  K\K2}. 

Sk  is  a  set  which  is  particularly  interesting,  not  only  because  of  the  natural 
way  in  which  it  arises,  but  because  this  set  often  encompasses  all  of  K.  Clearly 
0  €  Sk,  since  x  —  x  =  0  Vx  e  K2.  The  following  lemma  also  shows  that  most  of 
the  elements  of  k  are  members  of  Sk  as  well. 

1.2.5  Lemma.  Let  8  G  K  such  that  8  ^  ±1.  Then  8  €  Sk- 

Proof.  Let  x  =  ^f-,y  =  Both  x  and  y  are  elements  of  k  since  8  ^  ±1  and 
K  is  not  of  characteristic  two.  Further,  x2  —  y2  =  2  —  (^^)2  =  \[{82  +  28  + 

1)  -  (<52  -  2<5  +  1)]  =  ±[4<5]  =8.  □ 

So,  Sk  contains  all  of  K  with  the  possible  exception  of  the  elements  ±1. 
In  fact,  one  observes  readily  that  if  K  =  {—1,0, 1},  then  Sk  =  Ok  =  {0}.  Thus, 
any  finite  field  with  only  three  elements  will  present  a  problem  when  working  with 
Sk-  However,  when  \K\  >  3,  one  sees  that  {±1}  C  Sk  or  {±1}  C  Ok-  . 
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1.2.6  Lemma.  Let  \K\  >  3.  Then  {±1}  C  Sk  or  {±1}  C  Ok- 

Proof.  Let  \K\  >  5.  It  suffices  to  show  the  result  for  Fp  =  Z/pZ,  the  field  of  p 
elements,  since  any  other  field  F  of  characteristic  p  contains  a  copy  of  Fp.  Namely, 
it  contains  {mlp  |  m  E  Z}.  So,  no  harm  results  in  identifying  Fp  with  this  subfield 
of  F. 

Hence,  {1,2, 3, 4}  C  K  since  \K\  >  5.  One  observes,  also,  that  1,4  E  K 2 
regardless  of  p  since  1  =  l2  and  4  =  22.  Now,  if  2  €  K2,  then  {±1}  C  Sk  since 
2  —  1  =  1  and  1  —  2  =  —1.  If  2  G  K\K 2  and  3  €  K2,  then  {±1}  C  Sk  since 
4  —  3  =  1  and  3  —  4  =  —1.  Finally,  if  2,3,  E  K\K2,  then  {±1}  C  Ok  since  3  —  2  =  1 
and  2  —  3  =  —1.  □ 

From  the  previous  discussion  and  Lemmas  1.2.5  and  1.2.6,  one  sees  that 
either  SK  =  K  or  SK  =  K\{±  1}  and  {±1}  COK- 

Finally,  another  set  which  occurs  naturally  when  developing  the  theory  of 
unitary  groups  is  a  set  denoted  by  C  in  the  literature.  This  section  will  conclude 
with  the  set’s  definition  and  the  determination  of  its  relationship  to  the  fixed  field 
of  the  involution  *.  First,  consider  the  fixed  field  Kq  of  the  involution  *  on  the 
finite  field  K. 

1.2.7  Definition.  Kq  =  {k  E  K  \  k*  =  k}. 

Kq  is  indeed  a  subfield  of  K  since  (a  — b)*  =  a*  —b*  =  a  —  b  and  (a&-1)*  = 
a*(b*)~l  =  o6-1  for  all  o,  b  E  K o.  Let  j3  be  a  fixed  generator  of  the  multiplicative 
cyclic  group  Kq.  Note  also  that  P  ^  1  since  charK  2.  As  a  matter  of  notation, 
the  subset  of  any  given  set  which  is  fixed  by  the  involution  *  will  be  denoted  by  the 
subscript  zero.  Further,  as  alluded  to  earlier,  when  one  views  K  as  an  extension 
of  the  finite  field  Kq ,  then  [K  :  Kq]  =  2.  It  is  also  important  to  note  here  that  if 
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the  involution  *  is  different  from  the  identity  then  *  must  be  the  unique  Frobenius 
automorphism,  a,  which  sends  element  a  of  K  to  ae,  where  \Kq\  =  l. 

Moreover,  in  this  context,  Kq  C  K2. 

Lemma  1.2.8.  Let  K  be  a  finite  field  with  *  ^  1.  Then  Kq  C  K2. 

Proof.  Let  8  G  Kq.  By  definition,  8*  =  8.  But  8*  =  S£  where  \Kq\  =  £  since  *  ^  1. 
Thus,  8e-  =  8  implying  8£~l  =  1.  Now,  8  —  a5  for  some  natural  number  s  since 
8  G  K  and  K  =  (a).  Hence,  =  1.  This  implies  that  £2  —  1  divides  s(8—  1) 

since  o(a )  =  t2  —  1.  Therefore,  (i  +  l)|s.  However,  i  +  1  is  even  since  i  is  odd.  So 
s  must  be  even.  Whence,  by  Lemma  1.2.2,  8  G  K2  and  Kq  C  K2.  □ 

Next,  let  X  be  an  element  of  K  such  that  AA*  =  1.  It  is  this  element  which 
will  give  shape  to  the  structure  of  the  A— hermitian  space  over  K  which  will  be 
discussed  in  the  next  chapter.  The  set  C  consists  of  the  elements  x  G  K  such  that 
x  —  —Ax*.  Equivalently; 

1.2.9  Definition.  C  =  {x  G  K  \  x  +  Ax*  =  0}. 

1.2.10  Lemma.  If  C  ^  {0},  then  C  —  cKq  for  any  0  ^  c  G  C. 

Proof.  Let  0  ^  c  G  C.  Take  any  h  in  C.  Since  one  has  c  +  Ac*  =  0  and  h  +  A h*  —  0, 
it  follows  that  he-1  =  — A6*(— Ac*)-1  =  AA-16*(c*)-1  =  6*(c-1)*  =  (6c-1)*.  This 
means  that  6c-1  G  Kq,  and  so  C  C  cKo. 

Let  ck  G  cKq.  ck  +  X(ck)*  =  ck  +  Xc*k*  =  ck  +  A c*k,  since  k  G  Kq.  Thus, 
ck  +  X(ck)*  =  k{c  +  Ac*)  =  k0  =  0.  Hence,  ck  G  C  and  C  C  cKq.  Therefore, 
C  =  cK0.  □ 

Thus,  one  has  cKq  =  {c/T  |  i  =  1, 2, . ..  —  1}U{0}.  Lemma  1.2.10  coupled 

with  what  has  been  shown  about  the  set  £k  will  be  instrumental  in  showing  the 
generation  of  the  unitary  group  over  a  two  dimensional  hermitian  space. 
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Chapter  2 


a-Hermitian  Spaces  and  their  Properties 

This  chapter  addresses  some  of  the  essential  properties  of  A— hermitian 
spaces  used  in  the  study  of  unitary  groups  in  Chapter  3  and  in  the  discussion  of 
the  main  theorem  in  Chapter  4.  The  chapter  consists  of  three  subsections.  The 
first  subsection  defines  a  A— hermitian  space  and  details  some  important  struc¬ 
tural  elements  common  to  all  A— hermitian  spaces.  Next,  the  second  subsection 
sets  forth  the  notion  of  isotropic  spaces  and  discusses  some  pertinent  results  for 
A— hermitian  spaces.  Finally,  the  third  subsection  formalizes  what  is  meant  by 
isometric  A— hermitian  spaces.  The  three  special  types  of  A— hermitian  spaces  giv¬ 
ing  rise  to  unitary  groups  are  defined.  Discussion  regarding  classification  of  these 
special  spaces  up  to  isometry  is  also  provided  in  this  subsection. 

1.  A— Hermitian  Spaces. 

Let  V  be  an  n-dimensional  left  vector  space  over  a  field  K  with  involution 
*  as  described  in  Chapter  1.  Any  further  mention  of  the  term  vector  space  refers 
to  this  description.  Note  that  the  underlying  field  need  not  be  finite  to  achieve 
the  results  of  this  subsection. 

2.1.1  Definition.  A  sesguilinear  form  on  V  is  a  mapping  f  :  V  x  V  — >  K  such 
that 

i)  /(z i  +  x2 ,y)  =  f(xi,y)  +  f(x2,y)  V  xi,x2,y  E  V, 

H)  f(x, y\  +  y2 )  =  f(x,yi)  +  f(x,y2)  V  x,yi,y2  E  V, 

iii)  f(ax,y )  =  af(x,y)  Va  €  K,x,y  E  V,  and 

iv)  f(x,  by)  =  f(x,  y)b*  \/b  E  K,x,y  E  V. 
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2.1.2  Definition.  Let  X  be  a  fixed  element  of  K  with  XX*  =  1.  A  sesquilinear 
form  f  on  V  satisfying  f(x,  y)*  =  Xf(y,  x)  V  x,  y  G  V  is  called  a  X—hermitian  form 
on  V .  In  this  case,  (V,  f )  is  called  a  X—hermitian  space. 

2.1.3  Definition.  Two  vectors  x,  y  in  a  X—hermitian  space  (V,  f)  are  orthogonal 
if  f(x,y )  =  0.  Let  ( U,f )  be  a  subspace  of  ( V,f ).  Define  the  orthogonal 
complement  of  U  in  V  to  be  U =  {v  £V  \  f(v ,  u)=0VuGi7}. 

Notice  that  the  condition  of  orthogonality  is  always  symmetric  since 
f(x,y)  =  0  implies  f(y,x)  =  A ~1f{x,y)*  =  A_10*  =  A-10  =  0. 

2.1.4  Definition.  The  radical  of  a  X—hermitian  space  ( V ,  f )  is  rad  V  =  V1- 
=  {u  G  V  |  f(v,x )  =  0Vi£  V}. 

2.1.5  Definition.  A  X—hermitian  space  (V,  f)  is  said  to  be  npnsingular  if  and 
only  if  rad  V  =  {0}. 

A  A-hermitian  space  (V,  f)  is  nonsingular  if  and  only  if  there  is  no  vec¬ 
tor  in  V  other  than  0  which  is  orthogonal  to  the  whole  space.  From  this  point 
forward,  all  A— hermitian  spaces  are  assumed  to  be  nonsingular.  Notice  that  non¬ 
singularity  implies  that  for  any  nonzero  vector  x  in  V  there  is  a  nonzero  vector 
y  such  that  f(x,y )  =  1.  Directly  from  the  definition,  nonsingularity  implies  that 
there  is  0  ^  z  £  V  such  that  f(x,z)  =5^0.  Hence,  let  y  =  (5-1)*.z  and 
f(x,  y)  =  f(x,  (O**)  =  f(x 1 2)5_1  =  S6~ 1  =  1. 

Further,  if  A  ^  —1  or  *  ^  1,  there  is  a  vector  u  in  V  such  that  f(u,u )  ^  0. 
To  see  this  choose  a  vector  x  in  V.  If  f(x ,  s)  ^  0,  then  let  u  =  x.  Otherwise,  choose 
another  vector  y  in  V  such  that  f(x,y )  =  1.  Again,  if  f(y,y)  ^  0,  then  let  u  =  y. 
If  f(y,y )  =  0,  then  consider  T  :  K  — »  K  defined  by  T(7)  =  7*7-1  for  7  G  K. 
The  map  T  is  a  multiplicative  homomorphism,  since  for  71,72  G  K,  T(7i72)  = 
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(7172)* (7172)  1  =  727i72  Vi  1  =  Vi7i  2)(7272  *)  =  T(7i)r(72)-  If  A  f  -1,  then 
—A*  ^  1.  This  implies  T(<5)  =  <!>*<5-1  =  1  ^  —A*  for  all  <5  €  Ko.  If  *  =£  1,  then  for 
8  G  K\C,  8  +  X8*  ^  0.  Thus,  -A*  +  8*8~l  =  T(<5).  So  if  f(y,  y)  =  0,  then  there  is 
a  8  €  K  such  that  <5*<5-1  ^  —A* .  Let  u  =  x  +  8y  and  f(u,  u)  =  f(x  +  8y,x  +  8y)  = 
f(x,x)  +  8*f(x,y)  +  8f(y,x)  +  88*f(y,y)  =  8*  +  A*<5  ^  0. 

2.1.6  Definition.  A  basis  B  =  {vi,V2, . . . ,  vn)  for  a  X—hermitian  space  (V,f)  is 
called  an  orthogonal  basis  if  f(vi,Vj )  =  0  for  i  ^  j. 

2.1.7  Proposition.  Let  (V,/)  be  an  n-dimensional  X—hermitian  space  over  K 

with  X  —1  or  *  1.  Then  V  has  an  orthogonal  basis. 

Proof.  The  proof  proceeds  by  induction  on  the  dimension  n  of  V.  The  result  is 
vacuously  true  for  n  =  1. 

Suppose  that  there  is  an  orthogonal  basis  for  any  ( n  —  1)— dimensional 
A— hermitian  space  over  K  with  A  ^  —1  or  *  ^  1.  Let  (V,f)  be  a  similarly 
described  n— dimensional  A- hermitian  space  over  K.  Since  A  ^  — 1  or  *  ^  1,  choose 
a  basis  S\  =  {ui,u2, . . .  ,  un}  of  V  so  that  f{u\,u\)  ±  0.  Let  yi  =  ui  — 
for  i  =  2  and  consider  W  =  span{y2, . .  ■  ,yn}-  Note  that  W  is  an  (n  — 

1)— dimensional  A— hermitian  space  over  K  with  f(u\,yi)  =  0  for  i  =  2, . . .  ,n.  By 
the  inductive  hypothesis,  W  has  an  orthogonal  basis,  say  {z2, . . . ,  zn}.  Therefore, 

I  {«i ,  Z2, . . . ,  zn}  is  an  orthogonal  basis  of  V.  □ 

2.1.8  Definition.  Let  ( V ,  f )  be  a  X—hermitian  space  and  let  ( U ,  /)  and  (W,  /)  be 
subspaces  of  ( V,f ).  V  is  the  orthogonal  sum  ofU  and  W ,  denoted  V  =  U  _L  W,  if 

1  i)  V  =  U®W,  and 

1  ii )  f(u,  w)  =  0  V  u  €  U,  w  €  W. 

I 
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2.1.9  Proposition.  Let  (V,/)  be  a  X—hermitian  space  and  let  ( U,f )  be  a  non¬ 
singular  subspace  of  (V,  /).  Then  V  =  U  1  U1. 

Proof.  For  the  proof,  see  [17;  Theorem  7.1.4].  □ 

Also,  for  any  basis  B  of  a  A— hermitian  space  (V,  /),  one  can  associate  to 
the  form  /  a  matrix  with  respect  to  B. 


2.1.10  Definition.  The  matrix  of  f  with  respect  to  a  basis  B,  denoted  Mb  is 
(. f(vi,vj ))  1  <  i,  j  <  n. 

2.1.11  Proposition.  Let  B  =  {e i,e2,  •  •  •  ,en}  and  B'  =  {e^e^,  •  •  •  ,e'n }  be  bases 
of  a  X—hermitian  space  (V,  /).  Let  P  =  (ptj)  be  such  that  e'-  =  J27=iPijei-  Then 
Mb'  =  PtMBP*,  where  Pl  denotes  the  transpose  of  P  and  P*  =  (p*j). 


Since  (V,  /)  is  nonsingular,  there  is  a  basis  B  of  V  with  detMs  ^  0.  Because 
of  the  change  of  basis  formula  in  Proposition  2.1.11,  one  can  easily  see  that  for  any 
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other  basis  B'  of  V  the  matrix  Mp>  has  a  nonzero  determinant  as  well.  It  follows 
then  that  a  A— hermitian  space  (V,f)  is  nonsingular  if  and  only  if  detMs  7^  0 
for  every  basis  B  of  V.  More  specifically,  if  A  7^  — 1  and  *  7^  1,  then  the  matrix 
associated  to  an  orthogonal  basis  of  V  has  a  nonzero  determinant  implying  for 
such  a  basis  B  =  {e  1,  e2, . . . ,  enj  that  /(e*,  e,)  7^  0  for  i  =  1  to  n. 

2.  Isotropy  of  A— Hermitian  Spaces. 

For  the  purposes  of  this  subsection  also,  it  is  again  the  case  that  the  un¬ 
derlying  field  need  not  be  finite. 

2.2.1  Definition.  For  a  A— hermitian  space  ( V ,  /),  a  nonzero  vector  v  (=  V  is  said 
to  be  isotropic  if  f(v,v)  =  0.  Otherwise,  v  is  anisotropic. 

2.2.2  Definition.  A  A— hermitian  space  ( V ,  f)  is  said  to  be  isotropic  ifV  contains 
an  isotropic  vector.  If  V  contains  no  isotropic  vectors,  then  the  space  (V,  f)  is 
anisotropic. 

2.2.3  Definition.  A  hyperbolic  plane,  H,  over  K  is  a  two  dimensional 

A— hermitian  space  which  has  a  basis  {u,v}  with  f{u,u )  =  f(v,v)  =  0  and 
f(u,  v)  =  1.  The  vectors  u  and  v  are  called  a  hyperbolic  pair. 

The  following  discussion  shows  that  for  an  isotropic  vector  x  in  a 
A— hermitian  space  ( V ,  /),  a  vector  y  can  be  found  such  that  {x,  y }  is  a  hyperbolic 
pair.  First,  Lemma  2.2.4  pertains  to  the  specific  case  when  A  =  —  1  and  *  =  1. 
Such  a  A— hermitian  space  is  called  a  symplectic  space. 

2.2.4  Lemma.  Every  nonzero  vector  in  a  symplectic  space  is  isotropic. 

Proof.  Let  (V,  f)  be  a  symplectic  space.  By  definition  of  the  space,  f(x,x)*  = 
f(x,x )  =  —f(x,x)  for  every  0  7^  x  e  V.  Hence,  2 f(x,x)  =  0.  Thus,  f(x,x)  =  0 
since  K  is  not  of  characteristic  two.  □ 
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Therefore,  every  symplectic  space  is  clearly  isotropic.  Also,  since  the  sym- 
plectic  space  (V,  /)  is  assumed  to  be  nonsingular,  for  any  vector  x  in  V  there  is 
a  y  €  V  such  that  f(x,y )  =  1.  In  light  of  Lemma  2.2.4,  {x,y}  is  a  hyperbolic 
pair.  Further,  this  result  is  expanded  to  nonsymplectic  A— hermitian  spaces  in  the 
following  proposition. 

2.2.5  Proposition.  Let  ( V, ,  f )  be  a  A— hermitian  space.  If  x  is  an  isotropic  vector 
in  V ,  then  there  exists  y  G  V  such  that  {x,y}  is  a  hyperbolic  pair. 

Proof.  The  previous  discussion  provides  the  result  for  symplectic  spaces,  so  let 
(V,  f )  be  a  nonsymplectic  A— hermitian  space.  Since  (V,  /)  is  nonsingular,  there 
exists  a  vector  z  €  V  so  that  f(x,z)  =  1.  If  z  is  isotropic,  then  taking  y  =  z 
achieves  the  desired  result.  So  suppose  z  is  anisotropic.  Let  7  =  —2~lf(z,z) 
and  consider  the  vector  y  =  z  +  yx.  The  vector  y  is  equal  to  0  if  and  only  if 
2 z  =  —f(z,z) x.  But  if  2z  =  —f(z,z)x,  then  2  =  f(x,2z)  =  f(x,—f(z,z)x)  = 
—f(z,z)*f(x,x)  =  0.  Thus,  y  =  z  +  yx  ^  0  since  K  has  odd  characteristic. 

Now,  f(y,  y)  =  f(z  +  7 x,z  +  r/x)  =  f(z,  z)  +  7 *f(z,  x)  +  7 f(x,  z) 

+rH*f(x,  x)  =  f(z,  z)  +  7*  A*  +  7  =  f(z,  z)  -  f(z,  z)  =  0.  Also,  f(x ,  y)  =  f(x,  z  + 
'yx)  =  f(x,z )  +  7 *f(x,x)  =  1.  Therefore, {a:,  y}  is  a  hyperbolic  pair.  □ 

It  follows  directly  from  Proposition  2.2.5  that  when  (V,f)  is  a  nonsymplec¬ 
tic  A— hermitian  space  and  dimV  =  2,V  is  isotropic  if  and  only  if  V  =  H. 

3.  Classification  and  the  Special  A— Hermitian  Spaces. 

2.3.1  Definition.  Two  A— hermitian  spaces  (V,  f±)  and  (W,  ff)  are  said  to  be 
isometric .  denoted  V  =  W,  if  there  is  an  isomorphism  <p  :  V  — *  W  such  that 
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f2{(-p{x),  <p{y))  =  f\{x,y)  for  every  x,y  G  V.  The  isomorphism  (p  is  called  an 
isometry. 

The  isometric  relationship  =  clearly  defines  an  equivalence  relation  on  the 
collection  of  A— hermitian  spaces  over  K.  The  question  then  becomes  how  to 
classify  A— hermitian  spaces  up  to  isometry.  The  answer  to  this  question  is  not 
completely  known  for  general  fields.  So  at  this  point,  K  must  again  be  assumed 
to  be  finite,  in  which  case  the  classification  is  completely  known. 

Moreover,  attention  is  now  focused  on  the  special  A— hermitian  spaces 
needed  for  the  study  of  unitary  groups.  They  are  the  quadratic,  symplectic,  and 
hermitian  spaces.  Recall  that  a  symplectic  space  was  previously  defined  as  a 
—1— hermitian  space  with  *  =  1.  A  quadratic  space  is  a  1— hermitian  space  with 
*  =  1.  Finally,  the  term  hermitian  space  will  be  used  to  describe  a  1— hermitian 
space  over  K  with  *  ^  1. 

Now  in  the  case  of  quadratic  spaces,  it  is  well  known  that  two  spaces  are 
isometric  if  and  only  if  their  dimensions  and  discriminants  are  equal  [17]. 

2.3.2  Definition.  Let  (V,f)  be  a  quadratic  space  and  B  a  basis  of  V.  The 
discriminant  ofV  is  dK 2  in  K/K 2  where  d  =  detMg. 

Considering  Proposition  2.1.11,  this  definition  makes  sense.  There  one  sees 
that  for  any  two  bases  B  and  B'  of  V,detMs<  =  det^M^P*)  =  (< detP)2detMs . 
This  is  true  since  detPf  =  detP  and  P*  =  P  since  *  =  1.  Thus,  the  discriminant 
for  any  two  bases  differ  only  by  the  square  of  a  nonzero  element  of  K.  Therefore, 
as  an  element  of  K/K2,  is  independent  of  the  choice  of  basis.  Because  of  the 
uniqueness  of  the  discriminant  dV  for  a  quadratic  space  (V,  /) ,  it  has  been  shown 
that  there  are  only  two  distinct  types  of  spaces  for  any  given  dimension  n  up  to 
isometry.  It  is  the  case  that  V  =  (1, 1, . . . ,  1)  (n  ones)  or  V  =  (1,1, ...  ,1,#)  (n—  1 
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ones)  where  <5  E  K\K2[11].  Here  the  notation  (a\,  ■  •  •  ,an)  means  that  there  exists 
an  orthogonal  basis  {ui,  •  •  •  un}  of  V  such  that  f(vi,Vi)  =  a.i  for  i  =  1, . . . , n. 

In  the  case  of  hermitian  spaces  over  K ,  one  simply  needs  dimension  in  order 
to  classify  spaces.  As  is  shown  in  the  following  proposition,  this  is  due  to  the  fact 
that  an  orthogonal  basis,  known  to  exist  by  Proposition  2.1.7,  can  be  converted 
into  an  orthonormal  basis. 

2.3.3  Proposition.  Let  (V,  /)  be  an  n  dimensional  hermitian  space  over  K.  Then 
V  has  an  orthonormal  basis. 


Proof.  Let  {v\,  V2,  •  •  •  ,  vn}  be  an  orthogonal  basis  of  V.  f(x,  x)*  =  f(x,  x)W  x  EV 
since  V  is  hermitian.  So,  for  i  —  1, •  •  •  ,n,  f(vi,V{ )  =  d{  E  Kq.  By  the  surjectiv¬ 
ity  of  the  norm  map  shown  in  Lemma  1.1.3,  there  exists  an  a,  €  if  such  that 
N(cti)  =  a,i .  Hence,  •  •  •  ,v'n}  is  an  orthonormal  basis  for  V  where  v[  = 

—Vi  since/ (u',^)  =  /  (  —  Vi,  —  Vi )  =  — =  1  a{  =  —a {  =  1.  □ 

Oii  \Oii  Qj  )  QjQt  N(ai)  at 

Thus,  there  is  only  one  distinct  hermitian  space  up  to  isometry  for  any 
given  dimension  n.  Namely,  for  dimV  =  n,  V  =  (1, 1,  •  •  •  ,  1)  (n  ones). 

The  following  proposition  provides  a  similar,  but  more  general  result  for 
A— hermitian  spaces  over  k  where  *  ^  1. 


2.3.4  Proposition.  Let  ( V ,  f)  be  an  n  dimensional  X— hermitian  space  over  K 
where  *  ^  1.  Then  there  exists  an  a  E  K  such  that  V  =  (a,  a, . . .  ,a)(n  a’sj. 


Proof.  Again  let  {ui,  t>2,  •  •  •  ,  un}  be  an  orthogonal  basis  of  V.  By  Hilbert’s  Theo¬ 
rem  90,  there  exists  a  k  E  K  such  that  fc(/c*)_1  =  A  since  AA*  =  N( A)  =  1.  Thus, 
let  a  =  k*.  Then  T(g)  =  a*a~1  =  (fc*)*^*)-1  =  k(k*)~x  =  A.  f(vuvi)  =  b{  ±  0 
for  i  =  1  ,...,n  since  *  ^  1  and  V  is  nonsingular.  Further,  T(6i)  =  = 

/(^ijfi)*/^)^)-1  =  A  for  i  =  1, ...,n  by  definition  of  the  A— hermitian  form 
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/.  Hence,  a~lbi  G  ker(T )  —  Kq  =  N(K)  for  i  =  1  to  i  =  n,  because  the  norm 
map  is  surjective.  This  implies  that  for  1  <  i  <  n,  there  exists  c*  G  K  such  that 
N(ci)  =  a~lh.  Thus,  bi  =  aN(ci)  for  i  =  1, . . .  ,n.  Therefore,  {vj, . . . ,  v'n}  where 
v[  =  c^Vi  is  the  desired  orthogonal  basis,  since  fiv^v'f)  =  /(c"1^,  = 

=  (N(ci))~1bi=a.  Whence,  V  =  (a,..., a)  (n  g’s).  □ 

It  is  important  to  note  here  also  that,  in  this  context,  any  two  dimensional 
A— hermitian  space  where  *  1  is  isotropic.  This  is  due  to  the  fact  that  —  1  G 

Kq  and,  hence,  there  exists  7  G  K  such  that  N(^f)  =  —1.  Since  the  space  is 
isometric  to  (a, a)  for  some  a  G  K,  there  exists  an  orthogonal  basis  {17,^2}  where 
f(vi,vi)  =  f(v 2,v2)  =  a.  Therefore, /(^i +7^2,  vi +7^2)  =  /(«i>  vi)+y*  f(vi,v2)+ 
7/(^2,  Vi)  +  77* /(^2,  v2 )  =  g  —  g  =  0.  As  before,  V\  +  7^2  7^  0  since  +  7^2  =  0 
would  imply  a  =  =  /(— 71*2,  —7^2)  =  77*/ (^2) ^2)  —  —  g  and  If  is  not  of 

characteristic  two. 

Finally,  consider  the  classification  of  symplectic  spaces  over  If.  Here,  as  in 
the  case  of  hermitian  spaces,  only  dimension  is  needed  in  order  to  classify  spaces. 

2.3.5  Proposition.  Every  symplectic  space  is  the  orthogonal  sum  of  hyperbolic 
planes  and,  therefore,  even  dimensional  and  up  to  isometry  determined  by  its 
dimension. 

Proof.  It  follows  from  Lemma  2.2.4  and  its  subsequent  discussion  that  one  can 
construct  a  basis  of  hyperbolic  pairs.  This  is  known  as  a  symplectic  basis.  This 
fact  and  the  orthogonal  decomposition  provided  by  Proposition  2.1.9  shows  that 
every  symplectic  space  is  the  orthogonal  direct  sum  of  hyperbolic  planes  and, 
therefore,  even  dimensional.  Further,  it  is  well  known  that  any  two  hyperbolic 
planes  are  isometric  [15].  Thus,  up  to  isometry,  there  is  only  one  distinct  space  of 
a  given  even  dimension.  □ 
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Chapter  3 


The  Unitary  Group  and  its  Generators 

Chapter  1  established  some  key  facts  about  the  underlying  finite  field  K, 
while  Chapter  2  highlighted  properties  of  the  A-hermitian  spaces  (V,  /)  over  K. 
Chapter  3  will  now  introduce  the  concept  of  the  unitary  group. 

The  chapter  has  two  subsections.  The  first  formalizes  the  notion  of  the 
unitary  group  of  a  A— hermitian  space,  while  the  second  defines  some  of  the  gen¬ 
erating  maps  of  the  unitary  group.  Finally,  the  subsection  concludes  with  some 
useful  identities  involving  these  generating  maps. 

1.  The  Unitary  Group. 

Let  K  be  a  finite  field  of  odd  characteristic  with  involution  *.  View  K  as  a 
quadratic  extension  of  its  fixed  field  Kq.  Let  V  be  an  n  dimensional  nonsingular 
A— hermitian  space  over  K  with  A— hermitian  form  /.  Recall  from  the  previous 
chapter  that  an  isomorphism  ip  from  a  A-hermitian  space  V  to  a  A— hermitian  space 
W  which  preserves  the  “distance”  between  vectors  is  called  an  isometry.  The  set 
of  isometries  from  a  space  V  onto  itself  form  a  group  with  respect  to  composition. 

3.1.1  Definition.  Let  (V,  /)  be  a  X— hermitian  space.  The  collection  of  isometries 
from  V  onto  itself  is  called  the  unitary  group  ofV,  denoted  U{V). 

If  V  is  a  quadratic  space  (i.e.  A  =  1,*  =  1),  then  the  unitary  group  U(V) 
is  called  the  orthogonal  group  0(V).  If  V  is  a  symplectic  space  (i.e.  A  =  —  1, 

*  =  1),  then  U(V)  is  called  the  symplectic  group  Sp(V).  Sometimes  U(V)  will 
be  referred  to  as  Un(V)  when  information  about  dimension  is  pertinent.  At  other 
times  U(V)  will  be  referred  to  as  Uf(V )  when  information  about  the  A-hermitian 
form  /  is  important. 
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Now  when  the  involution  *  on  K  is  the  identity,  A  must  equal  +1  or  —1.  This 
is  because  f(x,y)*  =  f(x,y )  =  Xf(y,x)  =  XX f(x,y).  Thus,  f(x,y)  =  X2f(x,y) 
for  every  x,y  G  V.  Hence,  A  =  ±1.  This,  of  course,  gives  rise  to  a  quadratic 
space  with  its  orthogonal  group  in  the  case  A  =  1  and  a  symplectic  space  with  its 
symplectic  group  when  A  =  —  1. 

Consider,  then,  when  the  involution  on  K  is  different  from  the  identity. 
In  this  case,  in  fact,  one  can  assume  that  A  =  1.  For  when  *  is  not  the  identity, 
recall  that  Hilbert’s  Theorem  90  guarantees  the  existence  of  A:  €  if  such  that 
k(k*)~1  =  X  since  A  A*  =  N(X)  =  1.  Thus,  one  can  replace  the  A— hermitian  /  with 
the  proportional  form  g  =  kf.  For  x,  y  G  V,  one  sees  that  g(x,y)*  —  ( kf(x,y ))*  = 
k*f(x,y)*  =  k*Xf(y,x)  =  kf(y,x)  =  g(y,x).  Thus,  g  is  a  1-hermitian  form. 

Further,  the  following  proposition  shows  that  scaling  the  A— hermitian  form 
in  this  way  does  not  affect  the  unitary  group. 

3.1.2  Proposition.  Let  (V,f)  be  a  X— hermitian  space  and  k  G  K.  Then 
Vf(V)  =  Uk,(V). 

Proof.  Let  a  G  Uf(V).  That  means  f(a(x),a(y))  =  f(x,y)  V  x,y  G  V.  Thus, 
kf(a(x),ay))  =  kf{x,y).  Hence,  a  G  Ukf (V)  and  Uf(V)  C  Ukf(V). 

Now  consider  a  G  Ukf(V).  If  a  G  Ukf(V),  then  kf(a(x),a(y))  = 
kf(x,y)  V  x,y  G  V.  However,  multiplying  both  sides  of  the  equation  by  the  field 
element  A:-1  gives  f(a(x),a(y))  =  f(x,y)  V  x,y  G  V.  Thus,  a  G  Uf(V )  and 
Ukf(V)  c  Uf(V).  Therefore,  Uf(V)  =  Ukf(V).  □ 

2.  Generators  of  the  Unitary  Group. 

Let  Un{V)  be  the  unitary  group  of  an  n— dimensional  A— hermitian  space 
(V,f)  over  a  finite  field  K  with  involution  *  ^  1.  From  Chapter  2,  one  observes 
that  if  n  >  2  then  the  hyperbolic  rank  of  V  is  at  least  one.  Hence,  V  splits  as 
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V  =  H-L  L,  where  HI  is  a  hyperbolic  plane  with  a  hyperbolic  pair  {w,  vj,  namely, 
1HI  =  Ku  ©  Kv  with  f(u,u )  =  f(v,v)  =  0  and  f(u,v )  =  1. 

With  this  structure  in  mind,  the  isometries  to  be  used  in  the  study  of  U(V ) 
are  now  defined.  Let  A  denote  the  isometry  such  that  A (u)  =  v,  A(v)  =  A *u  and 
A\l  =  1.  For  nonzero  e  in  K  define  0[e]  in  U(V )  by  <^[e](it)  =  eu,  </»[e](u)  =  (e*)~1v 
and  0[e]|  i  =  1.  Recall  C  =  {ceK\c  +  Ac*  =  0}  from  Chapter  1  and  for  c  in  C 
define  a  transvection  T[u,c]  in  U(V )  by 

T[u,  c](z )  =  z  +  f(z,  u)cu  for  z  G  V. 

For  x  in  L  the  Eichler. transformation  E[u,x]  in  U(V)  is  defined  by 

E[u, x](z)  =  z  —  A  f(z ,  u)x  +  f(z, x)u  —  A f(z, u)q{x)u 

for  z  G  V,  where  q{x)  =  2 ~1f(x,x).  Similarly,  define  T[v,c ]  =  AT[w,c]A_1  and 
E{v,x]  =  AE[ii,  a:]A_1.  Finally,  for  a  vector  x  in  V  with  q{x)  ^  0,  define  the 
symmetry  r[x]  by  the  formula 

t[x](z)  =  z  —  f(z,  x)q{x)~lx  for  z  in  V. 

The  remainder  of  the  chapter  is  devoted  to  establishing  some  identities 
involving  the  above  isometries  which  will  prove  useful  in  Chapter  4. 

3.2.1  Lemma.  T[u,  c]T[u,  d]  =  T[u,  c  +  d}. 

Proof.  For  any  z  G  V, 

T[u,  c](T[u,  d\(z))  =  z  +  f(z,u)du  +  f(z  +  f(z,u)du,u)cu 

=  z  +  f(z,  u)du  +  f(z,  u)cu  +  f(u,  u)f(z,  u)d*cu 
=  z  +  f(z,  u)du  +  f(z,  u)cu  (since  f(u,  u )  =  0) 

=  z  +  f(z,u)(c  + d)u 
=  T[u,c  + d](z).  □ 
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3.2.2  Lemma.  oT[u ,  c]a  1  =  T[a(u),  c],  for  any  o  £  U(V). 

Proof.  For  any  z  £  V, 

(oT[u,  c]o~1)(z)  =  o(o~1(z)  +  f(o~1(z),u)cu ) 

=  z  +  f(z,o(u))co(u) 

=  T[o(u),c](z).  □ 

3.2.3  Lemma.  T[au, c]  =  T[u,a*ca ],  for  any  a  £  K. 

Proof.  For  any  z  £  V, 

T[au ,  c](z)  =  z  +  f(z,  au)cau 
=  z  +  f(z,u)a*cau 
=  T[u,  a*ca](z).  □ 

Note  here  that  there  are  corresponding  lemmas  to  3.2.2  and  3.2.3  involving 
T[u,c].  Their  verifications  proceed  exactly  the  same  way  by  replacing  u  with  v. 
These  corresponding  lemmas  will  be  referred  to  as  3.2.2'  and  3.2.3'  respectively. 

3.2.4  Lemma.  0[e]T[u, c]0[e]_1  =  T[eu, c]. 

Proof. 

<p[e]T[u, c]0[e]-1  =  T[<fi[e](u),c]  by  Lemma  3.2.2 
=  T[ert,c].  □ 


21 


3.2.5  Lemma.  </>[e]T[i;,  c]0[e]-1  =  T[(e*)~1v,  c]. 

Proof. 

^[e]T[v,c]0[e]-1  =  T\(f[e}(v),c\  by  Lemma  3.2.2/ 

=  T[(e*)-\c\.  □ 

3.2.6  Lemma.  </>[e]A$[e]-1  =  (f>[e*e]A. 

Proof.  Since  all  the  maps  here  restrict  to  1^  on  L,  it  suffices  to  show  that  the 
maps  agree  on  the  basis  vectors  u  and  v  of  H. 

<£[e]A</>[e]-1  :  u  — >  e-1u  — »  e~xv  — *  e~1((e*)~1v)  =  (e*e)-1u 
:  v  -*  (e*)v  -*  (e*)(A*u)  -*  e*A*eu  =  \*e*eu. 

<f)[e*e]A  :  u  — »  v  — »  ((e*e)*)-1u  =  (e*e)-1u 
:  v  -*  X*u  ->  A *e*eu.  □ 

3.2.7  Lemma.  4>{a]<f>[b}  —  4>[b](f>[a]. 

Proof.  Here  again  all  maps  restrict  to  1^  on  L;  thus,  agreement  on  u  and  v  need 
only  be  shown. 

4>[a\(j)\b]  :  u  — *  bu  — >  bau  =  abu 

:  v  — *•  ( b*)~lv  — >  (6*)-1(a*)-1u  =  ((a6)*)-1u 

<j)[b](f>[a\  :  u  — >  au  — >  abu 

:  v  -*  (a*)-1w  -♦  (a*)-1(6*)-1u  =  ((afc)*)"1?/.  □ 
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3.2.8  Lemma.  E[u,  x  +  y]  =  E[u,  x]E\u,  y]  if  f(x,y)  =  f(y,x). 


Proof.  For  any  z  eV, 

E[u,x](E[u,y](z ))  =E[u,y](z)  - \f(E[u,y\(z),u)x 

+  f(E[u,y](z),x)u-  Xf(E[u,y](z),u)q(x)u 

=  z-  X  f(z,  u)y  +  f(z,  y)u  -  A  f(z,  u)q{y)u 

-  A f(z  -  A  f(z,  u)y  +  f(z,  y)u  -  A f(z,  u)q{y)u ,  u)x 
+  f(z  ~  A/(^,  u)y  +  f(z ,  y)u  -  A f(z,  u)q{y)u ,  x)u 

-  A f(z  -  Xf(z,  u)y  +  f(z ,  y)u  -  Xf{z ,  u)q(y)u,  u)q{x)u 

■  =  z-  Xf(z,u)y  +  f(z,y)u  -X f(z,u)q(y)u 

—Xf(z,  u)x 

+  f(z,x)u  X  f(z,u)f(y,x)u 

—Xf(z,u)q(x)u 

(since  f(u,  u)  =  /(n,  x)  =  f(x ,  w)  =  /(u,  y)  =  f(y,  u)  -  0) 

=  2  -  A/(2,  n)(x  +  y)  +  f(z,  x  +  y)u  —  A/(z,  u)g(z  +  y)u 
(since  f(y,x )  =  f(x,y )) 

=  +  y](z).  □ 
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3.2.9  Lemma.  oE[u,x]o  1  =  E[a(u),cr(xj],  for  any  cr  E  U(V). 

■  Proof.  For  any  z  E  V, 

oE[u,  x)o~l{z)  =  cr(cr~1(z)  —  Xf(o~1(z),u)x  +  f(o~1(z),x)u 

-  Xf(cr~1(z),u)q(x)u 

=  z-  X  f(z,  o(u))o(x)  +  f(z,  cr(x))cr(u) 

-  Xf(z,o(u))q(x)o(u) 

=  E[cr(u),cr(x)](z).  □ 

3.2.10  Lemma.  E[au,x]  =  E[u,a*x],  for  any  a  E  K. 

Proof.  For  any  z  E  V, 

E[au,  x]{z)  =  z  —  Xf(z ,  au)x  +  f(z,x)au  —  Xf(z,  au)q{x)au 

=  z  —  A f(z,  u)a*x  +  f(z,  a*x)u  —  Xf  {z,u)a*aq(x)u 
=  z  —  Xf  (z,  u)a*x  +  f(z,  a* x)u  —  Xf(z,  u)q(a*x)u 
=  E[u,a*x](z).  □ 

Again,  there  are  corresponding  lemmas  involving  E[v,x]  which  are  found 
by  replacing  u  by  v  in  Lemmas  3.2.9  and  3.2.10.  These  will  be  referred  to  as  3.2.9' 
and  3.2.10'. 

3.2.11  Lemma.  (p[e]E[u,  x)(}>[e]~l  =  E[u,  e*x\. 

Proof. 

0[e]£'[w,a;](/>[e]~:1  =  E[4>[e]{u),  (f)[e]{x)]  by  Lemma  3.2.9 
=  E[eu,x]  since  x  E  L 
=  E[u,e*x]  by  Lemma  3.2.10.  □ 
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3.2.12  Lemma.  (/)[e]E[v ,  x](/)[e]  l—E[v,e  1ac]. 

Proof. 

^)\e}E\v,x](f)[e}~1  =  E[(f}[e}(v),(f)[e](x)]  by  Lemma  3.2.9' 
=  — 1‘t>,  m]  since  x  £  L 

=  E[v,  e_1a;]  by  Lemma  3.2.10'.  □ 
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Chapter  4 


Two-Element  Generation  of  u(V ) 

Now  that  all  of  the  necessary  frame  work  for  the  underlying  finite  field, 
the  A— hermitian  space  over  this  field  and  the  space’s  unitary  group  has  been 
established,  Chapter  4  provides  a  detailed  discussion  of  the  paper’s  main  result. 
The  chapter  two  subsections  separate  some  preliminary  information  and  statement 
of  the  main  theorem  from  the  theorem’s  proof. 

1.  Preliminaries. 

Let  K  be  a  finite  field  of  odd  characteristic  with  involution  *.  Thus  \K\  = 
q  =  pm  for  some  odd  prime  p  and  natural  number  m.  Recall  from  Chapter  1  that 
K  is  a  quadratic  extension  field  of  Kq,  the  fixed  field  of  *.  In  this  context,  when 
*  7^  1,  *  is  the  Frobenius  automorphism  a  defined  by  a  (a)  =  ae  for  a  £  K  where 
|Ro|  =  Let  a,  (3  be  fixed  generators  of  the  multiplicative  cyclic  groups  K  and  Kq 
respectively.  Moreover,  let  (V,  /)  be  an  n— dimensional,  nonsingular  A— hermitian 
space  over  K  with  its  unitary  group  Un(V). 

Further,  it  is  assumed  that  n  >  2.  This  is  due  to  the  fact  that  U\(V)  is 
cyclic  and,  thus,  has  a  single  generating  element.  To  see  this,  consider  that  for 
an  isometry  ip  in  Ui(V),  tp  must  be  defined  for  z  €  V  by  <p(z)  =  az  where  a  €  K 
such  that  N(a )  =  aa*  =  1.  In  this  case,  f(p(x),ip(y ))  =  f(ax,ay )  =  aa*f(x,y)  = 
f(x,y.)  for  all  x,y  £  V.  Thus,  there  is  a  canonical  isomorphism  between  the 
isometries  of  U\(V)  and  the  elements  of  norm  1  in  K.  Let  G  be  the  subset  of 
K  containing  elements  of  norm  1.  For  a,b  £  G,  =  a* ab-1  = 

a*a(b~1)*b~1  =  =  l-1  =  1.  Hence,  (S'  is  a  multiplicative  subgroup  of  the 
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multiplicative,  cyclic  group  K  and  is,  therefore,  cyclic.  This,  of  course,  means 
U\(V)  is  cyclic  as  well.  \ 


The  problem  of  two-generating  unitary  groups  for  n  >  2  has  been  shown  in 
part  by  the  works  of  Ishibashi  [12],  Earnest  and  Ishibashi  [7],  and  Earnest  et.  al. 
[2].  In  [12],  Ishibashi  proved  that  if  (V,/)  is  a  nonsingular,  isotropic,  A-hermitian 
space  over  a  finite  field  of  odd  characteristic  with  involution  *,  then  the  unitary 
group  U(V )  is  generated  by  three  elements.  Further,  in  fact,  he  proved  that  when 
the  unitary  group  is  the  symplectic  group  Sp(V )  then  U (V)  is  generated  by  just 
two  elements.  His  result  is  worded  below  for  further  reference. 


4.1.1  Theorem.  (Ishibashi)  U(V )  is  generated  by  3  elements  and  U(V )  =  Sp(V ) 
is  generated  by  2  elements. 

In  [7]  and  [2],  the  case  where  the  unitary  group  is  the  orthogonal  group  was 
considered.  Here,  the  restrictions  of  isotropy  and  characteristic  were  removed. 
The  following  refinement  of  theorem  4.1.1  was  achieved. 

4.1.2  Theorem.  (Earnest /Ishibashi  et.al)  U(V)  =  0(V )  is  generated  by  two 
elements. 

In  this  chapter,  it  is  Theorem  4.1.1  which  is  again  further  refined  with  the 
following  result. 

4.1.3  Theorem.  U(V)  is  generated  by  two  elements. 

Although  the  unitary  groups  of  Theorem  4.1.3  are  still  restricted  to 
A— hermitian  spaces  over  finite  fields  of  characteristic  not  two,  the  A— hermitian 
spaces  no  longer  need  the  explicit  assumption  of  isotropy.  Recall  from  Chapter  3 
that  unitary  groups  of  symplectic,  quadratic  and  A— hermitian  spaces  where  *  ^  1 
are  all  that  is  necessary  to  consider.  Isotropy  for  all  symplectic  spaces  was  shown 
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in  Chapter  2.  Also,  the  two-generation  problem  of  orthogonal  groups  for  isotropic 
as  well  as  anisotropic  quadratic  spaces  was  solved  by  Theorem  4.2.2.  Finally,  for 
n  =  2,  a  A— hermitian  space  where  *  ^  1  is  isometric  to  the  hyperbolic  plane  by 
the  discussions  subsequent  to  Propositions  2.3.4  and  2.2.4  respectively.  Thus  for 
dimensions  greater  than  2,  a  A— hermitian  space  where  *  =£  1  splits  as  HI  J_  L. 

Further,  Proposition  2.3.4  allows  for  the  assumption  that  L  has  an  or¬ 
thogonal  basis  such  that  L  =  (a,  a, . . .  ,a)(n  —  2  a’s  for  some  a  €  K  If  X  = 
{xi,x<z, . . . ,  £n-2}  is  such  a  base  for  L,  then  one  can  define  an  isometry  in  U(L ) 
which  permutes  these  basis  vectors  since  f(xi,Xi )  =  f(xj,Xj )  =  a  for  any  choice  of 
i  and  j.  These  kinds  of  isometries  will  prove  to  be  particularly  useful  in  generating 
the  unitary  group  of  a  hermitian  space. 

2.  Proof  of  the  Main  Theorem. 

The  proof  of  Theorem  4.1.3  breaks  down  into  three  parts.  The  first  part  is 
when  *  =  1  and  A  =  —  1  (i.e.  U(V)  =  Sp(V)).  This  part  is  proven  by  Theorem 
4.1.1.  Part  2  is  when  *  =  1  and  A  =  1.  (i.e.  U(V)  =  0(V)).  Part  2  is  proven  by 
Theorem  4.1.2.  The  third  part  boils  down  to  *  ^  1.  That  is,  when  U(V )  ^  Sp(V ) 
and  U(V )  #  0{V). 

It  is  part  3  to  which  the  remainder  of  this  chapter  is  devoted  to  achieving. 
The  proof  of  part  3  breaks  down  into  three  cases  based  on  the  dimension  n  of  V 
over  K.  They  are  n  =  2,  n  >  2  even,  and  n  >  3  odd.  The  odd  dimensional  case 
will  be  treated  first  because  of  its  relative  simplicity. 

4.2.1  Lemma.  Let  x  E  L  and  a  G  U(L).  Then  the  subgroup  generated  by  4>[a\ 
and  A E[u,x]cr  contains  A o  and  E[v,Kx], 

Proof.  Let  G  =  {4>[a),  &E[u,x}a). 
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First,  the  following  conjugation  will  be  shown  by  induction: 

<p\a]1  AE\u,x\g<P\o/\~1  =  (<y*)lx\cr.  (1) 

Let  i  =  1.  (j>[a]&E[u,x\G<f)[oi]~l 

=$[a\A(p[a\~l(})[a\E[u,  x\4)[cy\~l  <p[ot\G  (p[a\~l 
=(p[a*  a]AE[u,  a*  x]g  by  Lemmas  3.2.6  and  3.2.11. 

Now  suppose  (f)[ot\l~l  AE[u,x\a(p[oi\~‘l+l  =  (t>[a*  oi\l~l  AE[u,  ( a*y~lx\a . 
Consider  4>[a\lAE[u,  x]G^[a]~l. 

(f)[aY  AE[u,  x\G(f)[a]~l  =  (p[a](f)[a]l~l  AE[u,  x\G(f)[a]~'l+l  (f>[a\~l 
=  0[a]0[a*a]l_1  AE[u,  {o*)l~lx\G(f)[oi]~l  (by  the  inductive  hypothesis) 

=  <f>[a* o\l~l ^)[a]AE[u,  (ct*)t_1  x\G(f)[a\~l  (by  Lemma  3.2.7) 

=  (j)[a* a]1  AE[u,  (a*)ra:]c r  as  in  the  case  i  =  1. 

Thus,  equation  (1)  is  true  for  every  i  >  1.  But,  <j)\a*a ]  =  (^[c/a]  =  0[c/+1] 
(f>[aYJrl .  Hence,  for  every  i  >  AE[u, x]G(f)[cx]~'1  =  ^>[o:]^+1^A E[u,aeix]G. 

However,  this  implies  A E[u,  ol  ax\g  £  G  for  every  i  >  1.  Therefore,  A E[u,  Kx]g  C 
G. 

So,  for  7  £  K,  (AE[u,2^x]g)(AE[u,jx]g)~1  £  G ,  since  the  characteristic 
of  K  is  not  2.  But  (AE[u,2^x]g)(AE[u,jx]g)~1 

=  AE[u,  2'yx]gg~1  E[u,  — 7a:]  A-1  =  AE[u,  2^x\E[u,  — 7a;]  A-1 
=  AE[u, 7a:] A-1  (by  Lemma  3.2.8  since  /( 2ryx,—'yx)  =  —277 *f(x,x) 

=  /(— Tx>  2jx)) 

=  E[v,~fx]  by  Lemma  3.2.9.  Whence,  E[v,Kx]  C  G. 

Moreover,F?[u,Oa:]  =  1  £  G.  Thus  E[v,Kx ]  C  G. 


29 


Finally,  E[v,  —  x\AE[u,  x]a  G  G.  However,  E[v,  —  x]AE[u,  x]a  = 

E[v ,  —x]AE[u,  x]A~1Acr  =  E[v,  —x]E[v,  x]A  a  =  A  a.  □ 

4.2.2  Proposition.  Let  n  >  3  be  odd.  Then  Un(V)  is  generated  by  <f>[a]  and 
A E[u,  xi]cr  where  a  :  x\  — *  X2  — >  •  •  •  — >  xn_2  — » rri  for  some  orthogonal  basis  of 
L  with  f(xi,Xi)  =  f{xj,Xj),  1  <  i,j  <  n  -  2. 

Proof.  Let  G  =  (0[o;],  A£?[u,  x\]a).  By  Lemma  4.2.1,  Acr  and  E[v,Kx i]  are  con¬ 
tained  in  G.  It  suffices  to  show  that  E[u,  x\)  is  also  contained  in  G,  since  it  is 
already  known  that  Un(V)  =  {<t>[oi\,  Act,  E[u,xi\)  by  [12;  Proposition  3.2]  in  this 
case. 

Now,  E[v,Kx i]  C  G  implies  that  E[v,  A-1xi]  G  G.  Conjugating  this  ele¬ 
ment  by  Act,  one  gets 

AcrE[v,  A_1a:1](Acr)_1  =  AcrE[v,  X~1xi]a~1A~1  =  AE[v,  A-1a:2]A-1 

=  E[X*u,  X-1X2}  by  Lemma  3.2.9 
=  E[u,XX~1X2]  by  Lemma  3.2.10 
=  E[u,  X2 ]  G  G. 

Continuing  this  conjugation  process  will  yield  E[u,Kxi]  and  E[v,  Kxi]  for  i  = 
l,2,...,n  —  2.  Thus,  G  contains  E[u,x i]  which  completes  the  proof.  □ 

4.2.3  Lemma.  Let  x,y  G  L  with  f(x,y )  =  f(y,x )  =  0  and  a  G  U(L),  then  the 
subgroup  generated  by  <^[a]r[x]  and  AE[u,y]a  contains  Act  and  E[v,Ky]. 

Proof.  Let  G  =  (<p[a]T[x],AE[u,y]cr).  Again,  consider  the  conjugation 
(4>(ck)T[x])'lAE(u,y)cr(<p(a)T[x])~‘l  which  is  contained  in  G. 

(4>[oi\r[x]y  AE[u,y]cr(<f>[a]T[x])~l  =  4>[o]'lT[x}‘lAE[u,y\aT[x]~‘l4>[a]~'1, 
since  <p[a ]  G  U( H)  and  r[x]  G  U(L)  and,  thus,  0[o;]r[a:]  =  r[a:]0[o;].  Therefore, 
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r[x]l4)[a}1  AE[u,y]a<j)[oi]  1t[x}  1  is  obtained  by  the  conjugation.  But  this  is  equal 
to  a£ly]ar[x]~l  as  previously  shown  in  Lemma  4.2.1. 

Thus,  if  i  is  even,  one  has  ^[a]^+1)'A£(u,  ay)a  where  a  G  K2  since  ii  is 
even.  However,  this  is  (4>[a]r[x])^+1')'1  AE[u,  ay]a  since  (£+l)i  is  even.  This  implies 
that  A E[u,  ay]c t  G  G.  Since  this  can  be  done  for  any  even  integer,  A E[u,  K2y]a  C 
G. 

Now,  if  i  is  odd,  then  r[a:]t(^[aj^+1^AS[ii,  a.(-ly]<7T[x]~‘l  —  t[x]</>[q]^+1^A 
E[u,  atly]<JT\x\.  Further,  since  t  is  odd,  t[x]0[q!]^+1^A£J[u,  cc^y]crr[a:] 

=  {<^[<y]r[x])^l^lT[x]AE\u,  atly]aT[x\.  This  implies  that  r[x]AE[u,by]aT[x]  is 
contained  in  G  where  b  G  K\K2. 

Let  7  G  K 2 .  If  7  G  K2,  then  2j  G  K 2  since  K  has  odd  characteristic  and 
2  G  Kq  C  K2  (Lemma  1.2.8).  So  (AE[u, 2jy]a)(AE[u, 7y]<r)_1  =  E\v,yy\  is 
contained  in  G  as  shown  in  Lemma  4.2.1. 

Let  7  G  K\K2.  If  7  G  K\K2,  then  2 7  G  K\K2  as  above. 

So  (t[x]AE[u,  2^y]<TT[x])(T[x]AE[u,yy]crT[x])~ 1 

=  r[x}AE{u^y](jA~lT[x]  by  Lemma  3.2.8 
=  T[x]E[v,^y]T[x]  by  Lemma  3.2.9 
=  E[v,iy\  G  G  since  f(x,y)  =  f(y,x)  =  0. 

Therefore,  E[v,Ky]  is  again  a  subset  of  G. 

Finally,  E[v,  —  y]  AE[u,  y]a  G  G  since  1  G  K 2  and  E[v,  —y]AE(u,  y)a  =  A  a 
as  in  Lemma  4.2.1  which  ends  the  proof.  □ 
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4.2.4  Proposition.  Let  n  >  2  be  even.  Assume  that  —X  =  a2k+1  for  some 
natural  number  k  or  k  =  0.  Then  Un(V)  is  generated  by  4>{oc)t[x\  —  xn-2)  and 
AE[u,X2\cr  where  o  :  x\  — >  X2  •  ■  ■  — »  xn-2  — >  x\. 

Proof.  Let  G  —  {4>\oi)t[xi  —  xn_2],  A E[u,  X2Y t).  By  Lemma  4.2.3,  <3  contains  Act 
and  E[f/,  It  only  remains  to  show  that  G  contains  E[u,x  1],  since  Un(V )  == 

{4>[oi]t[x  1  —  Zn-2],  Act,  .E[ii,a:i]}  as  proven  in  [12;  Proposition  3.3]. 

Employing  the  strategy  of  conjugation  by  Act,  one  sees 
{Aa)E[v,Kx2]{Aa)~l  =  AoE[v,  Kx2]cr~1A~1  =  AE{v,Kx3}A~1 
=  E[X*u,  Kx 3]  =  E[u,  XKxs}.  Again,  the  last  two  equalities  come  by  way  of  Lem¬ 
mas  3.2.9  and  3.2.10  as  in  Proposition  4.2.2.  Moreover,  E[u,XKxs]  =  E[u,Kx 3] 
since  X  £  K. 

By  repeating  the  conjugation  and  using  the  fact  that  n  —  2  is  even  since  n  is 
even,  it  follows  that  G  contains  E[v, Kxi]  where  i  —  2, 4,  •  •  •  ,  n  —  2  and  E[u,  Kxf\ 
where  j  =  1,3,  ...,n  —  3.  Thus,  E[u,Kx{\  is  contained  in  G.  So,  E[u,xi)  is  an 
element  of  G. 

Note  that  Lemma  4.2.3  cannot  be  applied  directly  when  n  =  4,  for  then 
n  —  2  =  2  and  f(x\  —  X2,X2)  7^  0.  However,  it  can  be  seen  from  the  proof  of  that 
lemma  that  E[v,yx2]  6  G  for  all  7  G  K 2.  In  particular,  E[v,x 2]  €  G,  and  so 
E[v,  X2]~ 1  =  E[v,  —X2]  G  G.  Then  E\v,  —  X2)  AE[u,  a^jcr  =  AE[u,  —X2 }E[u,  xf\o  — 
Act  G  G.  Finally,  (Acr)-1£'[u,a;2](AcT)  =  E\u) x\]  G  G  by  Lemma  3.2.9.  □ 

4.2.5  Proposition.  Let  n  >  2  be  even.  Assume  that  —X  =  ct2k  for  some  natural 
number  k  or  k  =  0.  Then  Un(V)  is  generated  by  <f[o\r[x\  —  rrn_2]  and  A  E[u,  X2\cr 
where  o  :  x\  — *  X2  — ^ ►  •  •  •  — ^ ►  a;n-3  — ^  x\. 

Proof.  Again,  let  G  =  ((j)[oi]r[x\  —  xn_2],  A E[u,  x2]cr).  The  proof  proceeds  exactly 
the  same  as  that  in  Proposition  4.2.4.  Note  here,  however,  that  when  conjugating 
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by  Act,  one  gets  E[v,Kxi]  where  i  =  2,4,  ...,n  —  4  and  E[u,Kxj]  where  j  = 
3  ,...,n  —  3  contained  in  G.  When  E[u,Kxn- 3]  is  conjugated  by  A  a,  it  follows 
that  E[v,Kx\ ]  is  contained  in  G.  Repeating  the  conjugation  on  this  second  pass 
puts  E[v,Kxm]  where  m  =  1,3,  •  •  •  ,  n  —  3  and  E[u,  Kxr]  where  r  =  2, 4,  ...,n  —  4 
in  G.  Thus,  conjugating  E[v,  Kxn- 3]  by  Act  on  this  second  pass  places  the  desired 
E[u,  Kx\\  in  G. 

As  in  the  proof  of  Proposition  4.2.4,  the  case  n  =  4  needs  to  be  treated 
separately.  Note  that  in  this  case  a  =  lx,.  As  before,  it  has  been  shown  that 
E[v,x 2]  G  G.  This  implies  that  E[v,—x 2]  G  G  and  E[v,  —  X2]AE[u, £2]  = 

AE[u,  —  X2]E[u,  2:2]  =Ag  G.  As  t[x  1  —  2:2]  =  —  xi],  it  follows  from  Propo¬ 

sition  3.4  of  [12]  that  Un(V)  =  {4)[a]r[x  1  —  £2],  A,E[u, £2])-  So  it  remains  only  to 
show  that  E[u,  £2]  €  G.  But  E[u,  £2]  =  A-1^[u,  £2]  A  €  G,  since  E[v,  £2]  G  G  and 
A  EG.  □ 

Finally,  in  the  two  dimensional  case,  it  suffices  to  only  look  at  the  generators 
of  17(H).  Recall  from  the  previous  two  chapters  that  if  dimV  =  2,  V  =  H.  In  this 
case,  the  following  result  is  obtained. 

4.2.6  Proposition.  IfC  =  {0},  then  17(H)  =  (A,^>[o;]);  otherwise  17(H)  =  (4>[ot\, 
A T[u,  c])  where  c  is  any  nonzero  element  of  C. 

Proof.  In  [10;  Lemma  2.3],  Ishibashi  showed  that  if  C  =  {0},  then  17(H)  = 
(A,0[o:])  and  if  C  /  {0},  then  17(H)  =  (A ,<f[oi\,T[u,c])  where  c  G  C.  It  will 
be  shown  that  in  this  latter  case  17(H)  =  (^>[a],AT[tt,  c]). 

So  let  C  contain  c  7^  0.  As  shown  in  Chapter  1,  C  =  {cf3l  |  i  =  1, 2, — 1} 
where  (5  is  a  fixed  generator  of  Kq.  Thus,  T[u,  C]  =  {T[u,  /3V]}.  However,  consider 
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,  the  conjugation  of  A T[u,  c]  by  4>[0\. 


=  <fi[/3* /3]AT[(3u,  c]  by  Lemmas  3.2.6  and  3.2.4 
=  <t>[02]AT[u,  p2c]  by  Lemma  3.2.3  and  since  p  E  Ko- 

Suppose  ^[P]^1  AT[u,c]^[P]~t+}  =  4)[P2^~^]AT[u,  p2^~^c]. 

Consider  <p[P] lAT[u,c]<f)[0\~t. 

=  ^)[0]^)[P2^~^]AT[u, (by  the  inductive  supposition) 

=  (j)[p2{i-^](j)[p}AT[u,p2^-^c](j)[p]-y  (by  Lemma  3.2.7) 

=  <p[p2{i-1)](p[p'2]AT[u,p202(-i-Vc}  (as  above) 

=  4>[P2i]AT[u,p2ic] 

=  4>[P]2i^TW,P2lc]. 

Hence,  <f)[P]1  AT[u,  c]<^[/?]-1  =  <f>[P]2lAT[u,  p2lc]  for  every  integer  i  >  1  by 
induction. 

This  implies  that  for  any  i  >  1,  A T[u,02lc]  is  an  element  of  (4>[0\,  A T[u,c]). 
Further,  let  r  and  s  be  arbitrary  even  intgers,  then  (4>[P\,  AT[u,c])  contains 
(AT[u,psc})~1(AT[u,prc])  =  T(u ,  -psc)A~1  AT(u,prc)  =  T(u,  (pr  -  ps)c). 
Thus,  T(u,£Koc)  C  (<f)[p],  AT[u,c]). 

If  Ek0  =  K0,  then  T[u,Koc]  =  T(u,C )  C  (<f>\0(\,  AT[u,  c])  by  Lemma 
1.2.10.  Specifically,  T[u,c]  E  {4>[P\,  AT[u,  c]).  This,  of  course,  implies  that  A  E 
(<f>(P),  A T(u,  c )).  Moreover,  since  P  is  contained  in  the  multaplicative  cyclic  group, 
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if,  generated  by  a,  it  follows  that  {A,  T[u,  c]}  C  (4>[a],  AT[w,  c]).  This  provides 
the  result. 

If  £k0\{±1},  then  for  j j  >  3,  there  exists  6  E  Kq  such  that  6  ^  ±1.  Thus, 
T[u,  6c]  and  T[u,  (1  —  6)c)  are  elements  of  T[u,  £k0 c]  •  Then  T\u,  <5c]T[w,  (1  —  <5)c]  = 
T[u,  c ]  E  (0[/3],  AT[u,  c])  by  Lemma  3.2.1.  Hence,  the  argument  proceeds  as  before 
and  U(M)  =(<t>[cx],AT[u,c]). 

Therefore,  consider  the  case  when  (JFsTol  =  3.  Then  Kq  =  {—1,0,1}  and 
for  ease  of  discussion,  take  Kq  =  {—1,0,1}.  Suppose,  then,  that  if  is  a  two 
dimensional  extension  of  {—1,0,1}.  Here,  if  is  a  field  with  9  elements.  In  this 
case  also,  (3  =  —1.  Now,  N{a)  =  aa*  =  ±1,  since  the  norm  map  is  surjective.  But 
N(a)  =  1  implies  that  N(x )  =  1  for  all  x  E  if.  Thus,  N(a)  =  —  1  =  /3. 

Consider  the  following  conjugation. 

0[aj  AT[u,  c]0[a]-1  =  <p[a\A<p\a\~l<p{a]T[u,(3[(f)[a\~1 
=  ^[aa*]AT[u,  [<ao:*]c] 

=  0(/3)A  T(u,(3c). 

But  this  implies  that  A T[u,/3c]  =  AT[u,  —  c]  is  contained  in  (^[a],AT[«,c])  as 
before.  That  means  (AT[m,c])-1(AT[«,  — c])  =  T[u,  -c]A-1AT[«,  -c] 

=  T[u,  —  c]T[it,  —  c]  =  T[u,  c]  is  an  element  of  (<^[a],  AT[«,c]).  Again,  this  puts 
A  in  (0[aj,  AT[w,  c])  and  C/(H)  =  (0[q],  AT[«,  c]).  This  completes  the  proof  of 
Proposition  4.2.6.  □ 

Theorem  4.1.3  is  now  clear  by  Theorems  4.1.1  and  4.1.2  and  Propositions 
4.2.2,  4.2.4,  4.2.5,  and  4.2.6. 
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